Introduction
Let q be a power of a prime p. Let A = F q [T ] , and let k = F q (T ), where F q is the finite field of q elements. Here and elsewhere, we also let A + be the subset of A consisting of all monic polynomials in A.
Let τ be the mapping defined by τ (x) = x q , and let k τ denote the twisted polynomial ring. Let C : A → k τ (a → C a ) be the Carlitz module, namely, C is an F q -algebra homomorphism such that C T = T + τ . See Goss [7] , Rosen [11] , or Thakur [12] for more information about the Carlitz module.
In this note, we are concerned with studying a Carlitz module analogue of the classical Euler totient function, denoted by φ C , that is defined on A \{0}, and takes values in A + . There is another function field analogue, say φ A , of the classical Euler totient function whose definition can be found, for example, in Rosen [11, Proposition 1.7] . There are many distinct features between the function φ C in this note and the function φ A in Rosen [11] . First, the function φ C takes values in A + whereas the function φ A takes values in Z. Second, for each m ∈ A \ {0}, the value of φ C at m is associated to the additive group A/mA whereas the value of φ A at m is associated to the multiplicative group (A/mA) × . (In fact, φ A (m) is the number of elements in the group (A/mA) × .)
Let us now describe the content of this paper. In Section 2, we introduce the analogue φ C of the classical Euler totient function, and prove a Carlitz module analogue of Euler's theorem using the function φ C and the Carlitz action (see Theorem 2.7). The latter is motivated by the well-known analogies between the Carlitz module u → C m (u), m ∈ A and the power map u → u m , m ∈ Z. Note that there is another function field analogue of
Euler's theorem (see Rosen [11, Proposition 1.8] ) that is based on the analogy between the groups (A/mA) × and (Z/mZ) × . In the same section, we also prove some results that show the similarity between the function φ C and the classical Euler totient function.
In the first subsection of Section 3, we propose a function field analogue of Carmichael's totient function conjecture, and prove that in contrast to the classical case, one can answer the function field analogue of Carmichael's conjecture in the negative. In the last subsection of Section 3, we propose a function field analogue of Sierpiński's conjecture, and discuss some special cases of this analogue.
A Carlitz module analogue of Euler's totient function
In this section, we introduce a Carlitz module analogue of Euler's totient function, and prove an analogue of the Euler theorem for the Carlitz module.
We recall the Carlitz module analogue of the Fermat little theorem.
Lemma 2.1. (See Hayes [9, Proposition 2.4] .) Let ℘ be a monic prime in A, and let u be an element in A. Then
The next lemma generalizes Lemma 2.1 for powers of monic primes in A.
Lemma 2.2. Let ℘ be a monic prime in A, and let r be a positive integer. Let u be an element in A. Then
Proof. We prove Lemma 2.2 by induction on r. The case when r = 1 follows immediately from Lemma 2.1. Take an integer r ≥ 2, and assume that Lemma 2.2 is true for r − 1, i.e.,
for some α ∈ A.
Using [11, Proposition 12.11] , one can write
where
It is well-known [9, 11] 
By (1) and (2), we deduce that
Since [℘, j] is divisible by ℘ for each 1 ≤ j ≤ deg(℘) − 1, and
for every 1 ≤ j ≤ deg(℘) − 1. On the other hand, since r ≥ 2, deg(℘) ≥ 1, and q ≥ 2, we deduce that
and thus
Therefore we deduce from (3), (4) , and (5) that 
The next two results are immediate from Definition 2.3.
where the product is over the distinct monic primes dividing m. (ii) For each monic prime ℘ ∈ A and each positive integer r,
Proposition 2.5. Let u, v be monic polynomials in A, and let m be the greatest common divisor of u, v. Then
In particular, if u, v are relatively prime, then
For the proof of a Carlitz module analogue of Euler's theorem, we will need the following lemma whose proof is straightforward from Rosen [11, Proposition 12.11]. 
Hence without loss of generality, one can assume that m is monic.
If deg(m) = 0, then m = 1, and thus Theorem 2.7 follows immediately since
It remains to consider the case when m is of positive degree. Note that if m = ℘ r for some monic prime ℘ ∈ A and some positive integer r, then we deduce from Proposition 2.4(ii) and Lemma 2.2 that Theorem 2.7 holds. We now prove Theorem 2.7 by induction on the degree of m. If deg(m) = 1, then m is a monic prime in A, and we have already showed above that in this case, Theorem 2.7 is true.
Suppose now that Theorem 2.7 is true for any monic polynomial α with 1 ≤ deg(α) < deg(m), i.e., for any polynomial α ∈ A + with 1 ≤ deg(α) < deg(m), we have
We prove that Theorem 2.7 is true for m. Indeed, since m is of positive degree, there is a monic prime ℘ such that ℘ divides m. Write m = α℘ r for some positive integer r, where α is a monic polynomial in A such that gcd(α, ℘) = 1. If deg(α) = 0, then α = 1, and thus m = ℘ r . We have already showed above that Theorem 2.7 is true in this case. If α is of positive degree, then it is clear that 1 ≤ deg(α) < deg(m). By the induction hypothesis, we know that Theorem 2.7 is true for α, that is,
On the other hand, by Proposition 2.5, and since gcd(α, ℘) = 1, we deduce that
and it thus follows from (6) and Lemma 2.6 that
Furthermore, since Theorem 2.7 holds for ℘ r , we deduce that
and it thus follows from (7) and Lemma 2.6 that
Since gcd(α, ℘ r ) = 1 and m = α℘ r , we deduce from (8) and (9) that
which proves our contention. 
Now note that any monic divisor u of m is of the form u = v℘ s for some monic divisor v of α and some integer 0 ≤ s ≤ r. Thus
which proves our contention. 2 Remark 2.9. The following remarks are due to the referee. Consider the function defined by
It is not difficult to see that F is multiplicative on A. Hence using only the first part of the above proof, one obtains Theorem 2.8 immediately.
The Möbius inversion formula (see Apostol [1] ) yields The analogy between the function φ C and the classical Euler totient function φ suggests that the following question is a function field analogue of Carmichael's conjecture. In contrast to the classical case where the answer is still mysterious, we can prove that Question 3.1 has an affirmative answer for infinitely many monic polynomials m, that is, there exist infinitely many monic polynomials m ∈ A such that the equation φ C (x) = m has exactly one solution x ∈ A + . For this contention, we need a theorem of Hall's [8] whose proof can be found, for example, in Pollack [10, Theorem 4]. We now prove the main result in this section. Proof. By Theorem 3.2, there are infinitely many monic primes ℘ in A such that ℘ + 1 is also a prime. Take such a prime ℘. We prove that the equation φ C (x) = ℘ has exactly one solution x = ℘ + 1. Indeed, by Proposition 2.4(ii), and since ℘ + 1 is a prime, we see that x = ℘ + 1 is a solution to the equation φ C (x) = ℘.
Assume that φ C (x) = ℘ has a solution x = m ∈ A + . By Proposition 2.4(iii), we see that deg(℘) = deg(φ C (m)) = deg(m). In particular, this implies that m is of positive degree. We consider the following cases: Case 1. m has only one monic prime factor q.
In this case, m = q r for some positive integer r. Proposition 2.4(ii) then tells us that
If r ≥ 2, equation (11) implies that q divides ℘, and thus q = ℘. Therefore
If r = 1, then equation (11) implies that m = q = ℘ + 1.
Case 2. m has at least two monic prime factors q 1 , q 2 .
Write m = αq
where α ∈ A + such that gcd(α, q 1 q 2 ) = 1, and e 1 , e 2 are positive integers. We deduce from Proposition 2.4(ii) that
which is a contradiction since ℘ is a prime and both q 1 − 1, q 2 − 1 are of positive degrees. It is clear from Cases 1 and 2 that the equation φ C (x) = ℘ has exactly one solution
Sierpiński's conjecture
In the number field context, Sierpiński's conjecture states that for every integer n ≥ 2, there exists an integer m such that the equation φ(x) = m has exactly n solutions. This conjecture was proved by Ford [6] . Due to Theorem 3.3, it is natural to ask the following question which can be viewed as a function field analogue of Sierpiński's conjecture. We consider the above question for a few values of n. The case n = 1 is considered in Theorem 3.3. For the rest of this subsection, we consider the case when n = 2 or 3.
Recall the following useful result. 
provided that n is odd if q is even. We now consider Question 3.4 when n is either 2 or 3. 
Since ℘ − 1, ℘ are distinct monic primes, we see that q 1 − 1, q 2 − 1, q 3 − 1 are pairwise relatively prime. Since all of them are of positive degrees, each of q 1 − 1, q 2 − 1, q 3 − 1 has one monic prime divisor. This is a contradiction to the above equation since the left-hand side has at least three distinct monic prime divisors whereas the right-hand side only has exactly two distinct monic prime divisors. Hence the number of distinct monic prime divisors of x 0 is less than or equal to 2. We consider the following cases: Case 1. x 0 = q s for some prime q and some positive integer s.
We see that
Since (℘ − 1)℘ is square-free, one sees that s ≤ 2. Note added in proof. In a recent work, Alex Samuel Bamunoba [2] independently discovered Theorem 2.7 with a slightly different argument. Bamunoba [2] also discovered Theorem 2.8 with a different proof.
